The ab initio total energies of alkali chloride crystals in B1 ͑rock salt͒, B2 ͑CsCl-type͒, B3 ͑zinc blende͒ and P4/mmm structures are calculated by ultrasoft pseudopotential method in this paper. Based on the different combinations of these total energies, the effective charges on ions are determined for long-range Coulomb interaction, and the short-range potential curves are obtained by the lattice inversion method. As the test for the quality of potentials, the static properties of ACl in the rock salt phase are calculated. The results are in good agreement with the experimental data. And the calculated lattice energies for ACl in wurtzite, CuAu, NiAs, and litharge structures are consistent with the predictions of pseudopotential calculations. In terms of the molecular dynamics simulations, the temperature dependences of volume, bulk modulus, and elastic constants are also investigated from room temperature to 800 K, the results are in good agreement with the experimental values. This indicates that the new interionic potentials are valid over a wide range of interionic separations and coordination numbers.
I. INTRODUCTION
The atomistic simulations on structures and properties of ionic crystals have been given great interest for their typical ionic bonded structures and wide applications. [1] [2] [3] [4] [5] [6] [7] [8] One of the key problems for the atomistic simulations is how to determine the interionic potentials. In most of the previous work, 2,3,5,9-15 the interionic potentials were started from the selection of interionic potential function forms with adjustable parameters, and then the potential parameters were obtained by fitting to the experimental data or calculation results, such as lattice parameters, lattice energy, phonon frequencies, elastic, and dielectric properties. The interionic potential models often consist of the long-range and shortrange terms; the former is usually described as the Coulomb interaction with formal or Mülliken charges, and the latter is overlap repulsive interaction with different adjustable parameters. These potentials have played a significant role in previous simulations, especially for the ionic materials with lots of experimental data. 2, 3, 7 However, for the ionic solids whose properties are hard to obtain, the parameters of interionic potentials have to be derived from calculations, such as the ab initio calculations. On this occasion, if the multipleparameter fitting method is still used, the advantages of ab initio calculations may not totally be exhibited. Since the adjustable parameters are involved, the uncertain and arbitrary parameters are often involved by providing several sets of potential parameters, 3, 15 and it is hard to determine which set of potentials is the most appropriate.
One of the effective solutions for the uncertainty of multiple-parameter fittings may be the lattice inversion method, which was first presented to determine the pairwise potentials from the ab initio calculated or experimentally measured cohesive energy by Carlsson, Gelatt, and Ehrenreich ͑CGE͒, 16 and then Chen used the Mobius-inversion formula in number theory not only to obtain the pair potentials for the pure metals, 17 but also for the intermetallic compounds 18, 19 with faster convergence 20 than the CGE method. However, so far the lattice inversion has not been applied for ionic crystals because the ionic charge density distribution is obviously different from that of a free atom. From the viewpoint of lattice inversion, let us show the comparison of the interatomic potentials in binary alloy Fe 3 Al 18 with the interionic potentials in ionic crystal NaCl. In the first case, there are three distinct pair interaction functions:
Fe-Fe , Al-Fe , and Al-Al , in which Fe-Fe and Al-Al can be obtained by lattice inversion techniques from ab initio cohesive energies of iron and aluminum face-centered-cubic ͑fcc͒ lattices, respectively, and then the Al-Fe can easily be determined from Fe 3 Al cohesive energy. The reason is that there is a very slight difference between the charge densities of fcc pure metals and the binary alloy. But in the second case, it is also needed to determine three different interaction functions: Na ϩ -Na ϩ, Cl Ϫ -Cl Ϫ, and Na ϩ -Cl Ϫ, whereas Na ϩ -Na ϩ and Cl Ϫ -Cl Ϫ cannot be obtained by the same lattice inversion for any ionic crystals constituted only by one kind of like-sign ions. Suppose that each of the interaction potentials described by three parameters have to face the difficulty of how to determine nine parameters only from one NaCl total energy curve.
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In order to derive the interionic pair potentials by lattice inversion, we define the partial energy as the sum of only one pair potential that can be obtained. Then in this paper the method of virtual structures is introduced to separate the partial lattice energy from the combination of pseudopotential total-energy curves by taking the alkali chlorides ACl (A ϭLi, Na, K, Rb͒ as the prototypical system, which mostly have the rock salt ͑B1͒ structures. In terms of the B1 structure, the other three virtual structural models have been built for ACl, as shown in Fig. 1 , where the rock salt ͑B1͒ and zinc blende ͑B3͒ all contain two fcc like-sign ionic sublattices, the structure with P4/mmm symmetry includes one fcc and one tetragonal sublattices, and the B2 ͑CsCl-type͒ structure has two identical simple-cubic ͑sc͒ sublattices. Based on the description of interionic pair potentials, the interaction between two ions only depends on the interionic separation, and then the interionic pair potentials are assumed as transferable in B1, B2, B3, and P4/mmm structures. Therefore, once the corresponding pseudopotential total energy as a function of lattice constant is obtained for each structure, the three partial lattice energies can be extracted from the totalenergy differences between B1 and its virtual structures, respectively. Then the interionic pair potentials can be derived by Chen-Möbius lattice inversion. 17 The details are described in the following text.
II. DERIVATION OF INTERIONIC PAIR POTENTIALS

A. Virtual structural models
For the rock salt-type ACl crystals, the B2, B3, and P4/ mmm models have been introduced, as shown in Fig. 1 . If the four structures have the identical lattice constant a, then from B1 to B3 only the cation-anion interaction undergoes the change for their identical like-sign ionic sublattices. The total-energy difference per ion between B1 and B3 can be regarded as the partial lattice energy only as the sum of pair potential ϩϪ , and can then be written as
͑1͒
in which the E tot B1 (a) and E tot B3 (a) are the pseudopotential total energies per ion of B1-and B3-ACl corresponding to lattice constant a, and i, j, and k indicate the lattice sites of ions.
For B1 and P4/mmm structures, since they have the identical cation sublattice, their total-energy difference should be independent of the cation-cation interaction. With the potential ϩϪ obtained from Eq. ͑1͒, the cation-anion interactions E ϩϪ B1 (a) and E ϩϪ P (a) in B1-and P4/mmm-ACl can be calculated, respectively. Then the anion-anion partial lattice energy per ion can be given as follows:
in which E tot P (a) is the pseudopotential total energy of P4/ mmm-ACl with lattice constant a, and the ϪϪ is the anion-anion pair potential.
Consequently, the anion-anion interaction E ϪϪ B1 (a) and E ϪϪ B2 (a) can be separately calculated for B1-and B2-ACl, so the anion-anion partial lattice energy per ion can also be obtained as follows:
where E tot B2 (a) is the pseudopotential total energy per ion in the B2 structure, the E ϩϪ B2 (a) is the cation-anion interaction for an average ion in B2-ACl, and ϩϩ is the cation-cation pair potential. The cation and anion are identified by black and gray balls, respectively. ͑a͒ ͑rock salt͒: fcc cationϩfcc anion; ͑b͒ B3 ͑zinc blende͒: fcc cationϩfcc anion; ͑c͒ P4/mmm: fcc cationϩtetragonal anion; ͑d͒ B2 ͑CsCl-type͒: sc cationϩsc anion.
B. Pseudopotential total-energy calculations for ACl
In the present work the pseudopotential total energies of ACl crystals are calculated based on the CASTEP ͑Cam-bridge Serial Total Energy Package͒, 21, 22 the pseudopotential plane-wave code developed by MSI. During our calculations, the ultrasoft pseudopotentials for alkali chloride ions are adopted and the GGA-PW91 ͑General Gradient Approximation͒ method 23 has been used to cope with the exchangecorrelation energy. The k-mesh points over the Brillouin zone are generated with parameters 4ϫ4ϫ4 for the biggest reciprocal space and 1ϫ1ϫ1 for the smallest one by the Monkhorst-Pack scheme 24 corresponding to the lattice constant a. The energy tolerance for self-consistent-field ͑SCF͒ convergence is 2ϫ10
Ϫ6 eV/atom. The kinetic energy cutoff for a plane wave basis set in different ACl crystals is shown in Table I . Then the calculated total energy as a function of lattice constant a is shown in Fig. 2 .
C. Lattice inversion for interionic pair potentials
Chen-Mö bius lattice inversion
Based on the Chen-Möbius lattice inversion, 17,18 the crystal lattice energy E(x) for each atom can be expressed as a sum of pair potential (x), such that
where x is the nearest neighbor distance, R i is the lattice vector of the ith atom, b 0 (n)x is the nth-neighbor distance, and r 0 (n) is the nth coordination number. We extended the series, ͕b 0 (n)͖, into a multiplicative semigroup such that, for any two integers m and n, there always exists an integer k, such that
can be rewritten as
in which
Thus, the pair potential, (x), can be written as
where I(n), the inversion coefficient, can be uniquely determined from the crystal structure as 
͑9͒
Note that this inversion coefficient I(n) is only structure dependent; then the coefficients I ϩϪ (n), b ϩϪ (n), I ϪϪ (n), b ϪϪ (n), I ϩϩ (n), and b ϩϩ (n) can be obtained from Eqs. ͑1͒, ͑2͒, and ͑3͒, respectively.
Long-range Coulomb interaction
In general, each pair potential can be derived in terms of the partial lattice energy and corresponding inversion coefficients. However, for ionic crystal, the long-range Coulomb interaction is the dominant part and has the slow convergence with the interionic spacing r ͑which is proportional to 1/r), and this is very difficult for the lattice inversion method. The reason is that the lattice inversion demands the pair potentials decay more rapidly with distance r than the potential proportional to 1/(4r 2 N ) because the number of interactions increases as 4r 2 N , where N is the particle number density. A sufficient condition for convergence is ͉E(r)͉ϽA/r 3 for some AϾ0 in three dimensions, 16 this condition is not obviously satisfied by the Coulomb energy. Hence, we have to decompose the components of the lattice energy into two classes: long-range Coulomb part and shortrange potentials. The Coulomb term is treated by Madelung method 25 or Ewald summation techniques 26 with the fixed ionic charges. And the short-range potential parameters are obtained by Chen's lattice inversion in terms of the coefficients I ϩϪ (n), b ϩϪ (n), I ϪϪ (n), b ϪϪ (n), I ϩϩ (n), and b ϩϩ (n).
In order to take account of the Coulomb term, the fixed charges on ions were used in our scheme. In the previous work, 11, 13, 14 the formal charges or Mülliken charges were often used. Here the fixed charges on ions are determined by the pseudopotential total energy difference between B1-and B3-ACl at a larger lattice constant. The detail can be described as follows: First the pseudopotential total-energy calculations are extended to the lattice constant aϭ16.0 Å for B1-and B3-ACl. Since the Coulomb interaction has the slow convergence, the ionic interaction can be approximately devoted only by the Coulomb potential at larger interionic spacing. Then when the lattice constant aу10.0 Å, the lattice energies are approximately regarded as only the sum of Coulomb potential, so the total-energy difference between B1-and B3-ACl is
where the Coulomb interactions, E Coul B1 (a) and E Coul B3 (a) in B1-and B3-ACl, can be calculated via the Madelung constants 25 of B1 and B3 structures. Therefore, the fixed ionic charges can finally be determined by fitting the totalenergy difference between B1-and B3-ACl at a larger lattice constant. The results are listed in Table II 
Lattice inversion for short-range potential
With the fixed ionic charges, the Coulomb terms can be extracted from the partial lattice energies, and the shortrange partial lattice energies can also be obtained for each pair potential. Then with the above inversion coefficients, I ϩϪ (n), b ϩϪ (n), I ϪϪ (n), b ϪϪ (n), I ϩϩ (n), and b ϩϩ (n), the ϩϪ SR , ϪϪ SR , and ϩϩ SR short-range pair potential curves can be inverted from different short-range partial lattice energies, respectively. According to the shapes of curves, the suitable potential function forms are selected to fit the potential curves. Particular in this work, the short-range potential function forms are expressed as Morse type, 
͑12͒
The short-range potential parameters are listed in Table III .
III. TEST FOR THE INTERIONIC PAIR POTENTIALS
A. Lattice energies in different structures
As the test for the validity, the present interionic potentials should first correctly reproduce the total energies of B1-, B2-, B3-, and P4/mmm ACl. With the potential parameters in Table III , the lattice energies of B1-, B2-, B3-, and P4/mmm ACl were calculated, and the corresponding isolated-ion energies ͑the difference between lattice energy and total energy͒ were also obtained and listed in Table IV , which are independent on the lattice constant and crystal structure. Then the total energy calculated by pair potentials could be compared with the ab initio calculations. Figure 2 shows that the present interionic potentials well reproduce the total energies for all of B1-, B2-, B3-, and P4/mmm ACl crystals. This indicates that the interionic pair potentials have been correctly inverted from the pseudoptential total energies by lattice inversion without the prior fixed potential function forms. Besides, whatever method was used to obtain the potentials, one of the important tests for the final validation is to use the potentials to calculate the properties of other structures that were not involved in the potential derivation. Then the lattice energies as functions of crystal volume V/V 0 (V 0 is the equilibrium volume of B1-ACl͒ were calculated for ACl crystals in other four structures, respectively. The four trial structures are B4 ͑wurtzite-type͒, L1 0 ͑CuAu-type͒, B8 1 ͑NiAs-type͒ and litharge ͑PbO-type͒, 27 respectively, as shown in Fig. 3 . Their calculated lattice energies are shown in Fig. 4 . In terms of the isolated-ion energy in Table IV , the lattice energies were also calculated from pseudopotential total energies by the CASTEP code. Figure 4 shows the results via the present potentials are consistent with those from pseudopotential calculations. Although there is an obvious difference between the potential results and CASTEP calculation for litharge-type ACl, the overall agreement is satisfactory. This is mainly attributed to the fact that the present potentials were extracted from the four different structures, whose lattice constants range from 4.0 to 16.0 Å. Besides the phase space includes the configurations of four-, six-, and eight-fold coordination numbers. Therefore, the phase space for deriving the interionic potential was obviously extended; then the present pair potentials are more valid than those only from the properties of the equilibrium state of one phase. So the new interionic pair potentials could be regarded to be promising in predicting the new structures. 
B. Equilibrium properties of B1-ACl
As most of the previous potentials, the present potentials were used to calculate the equilibrium lattice energy, lattice constant, bulk modulus, and elastic constants for B1-type ACl crystals. The results are listed in Table V . By comparison, it is found that the present potentials well reproduce the equilibrium lattice constant, volume, and lattice energy. The maximum error for the lattice constant is not more than 0.7% of the experimental data. The error for equilibrium volume is within the 2% of measured values. The maximum error for lattice energy occurs for RbCl since the room temperature value is used without the value extrapolated to 0 K. As for the static mechanical properties, the calculated values are close in agreement with the experimental data. The maximum discrepancy exists for elastic constants C 12 and C 44 . This first may be the pair potentials are used in this paper, so the Cauchy violation cannot be correctly described. In order to explain this difference, the many-body effect should be considered in further work based on the present pair potentials. The final reason is the experimental values at 0 K in Table V are extrapolated from the 4.2 K or room-temperature data. 28 Especially for the LiCl and RbCl, their 0 K elastic constants were extrapolated from room-temperature measurements, this might introduce some errors. To some extent, our calculated values are closer to the room-temperature data than that extrapolated to 0 K, as shown in Table V . Therefore, the overall agreement between the calculations and experimental results has been obtained in terms of the present interionic potentials.
C. Molecular dynamics simulations
In addition to the static properties, the test could also be performed by using the same interionic potentials in molecular-dynamics simulations. Here we have performed the molecular dynamics simulations at constant pressure and temperature ͑NPT͒ with a 4ϫ4ϫ4 B1-ACl supercell, containing 512 ions. The initial configuration was generated by arranging 256 cations and 256 anions on the equilibrium sites of the B1 lattice. For the NPT ensemble, the temperature and pressure were kept constant by using an extended system 29 with a thermostat and barostat relaxation time of 0.1 ps. The temperature range for the simulation is 300-800 K with a step of 50 K. For each temperature at 1 atm pressure, the calculations were performed for 30 000 steps with a time step of 1.5ϫ10 Ϫ15 s. The simulations for the initial 10 000 steps were used for stabilizing the system, and the data after 10 000 time steps were used to calculate the properties of our interest.
Based on the simulations from 300 to 800 K, the temperature dependence of volume for ACl can be first obtained, as shown in Fig. 5 . Although it is obvious for LiCl that the melting temperature is underestimated to be about 750 K, lower than 878 K observed in the experiments, 30 the present calculations are found to be in good agreement with the experimental data 31 and the previous calculations 32 before the melting. For the RbCl crystal, the molecular-dynamics simulations give the close results, despite a little overestimation at a higher temperature. As for the NaCl and KCl, it can be seen in Fig. 5 that better results are given to be in good agreement with the experimental values. 33 The temperature dependence of the lattice constant can also be obtained from the molecular-dynamics simulations, then the bulk modulus B T and elastic constant C i j of ACl can also be calculated from the second derivatives of lattice energy at different temperatures. The results are shown in Fig.  6 , in which the experimental data 34 and He's calculations 32 are also included. By comparison for the bulk modulus, in spite of the overestimation for NaCl, it is found from 300-800 K that the calculated B T is closer to the experiments than that of He et al., 32 especially for the LiCl. As for the elastic constants C i j , the present calculations also give the good agreement with the experimental values 33 that are available. Since the temperature dependences of elastic constants are not available for LiCl and RbCl, the present calculations could be regarded as a prediction in the range of 300-800 K. Despite the fact that there is the difference between the present calculations and experiments, it is clear that the present molecular-dynamics simulations give the overall agreement with the experimental data 31, 33, 34 available. This indicates that the temperature dependences of volume, bulk modulus, and elastic constants have been well described by the lattice inversion pair potentials.
IV. DISCUSSIONS AND CONCLUSIONS
Based on the interionic potentials from lattice inversion, the equilibrium properties have been well reproduced to be in agreement with the experimental data, which are not involved in the derivation of potentials at all. Besides the temperature dependences of volume, bulk modulus, and elastic constants are also found to be in agreement with the experimental values and some previous calculations. This suggests that the present potentials are not only valid for a small part around the equilibrium position, but also can give encouraging results apart from the equilibrium position. Although the Cauchy violation in a rock salt structure has not been shown by the two-body potential model, the good transferability in eight phases has been obtained by the present pair potentials with simple function forms. This ability of a single set of potentials indicates that some many-body characters have been implicitly involved to cover different coordination numbers. Since the limit of pairwise potential form, we have to point out that some many-body properties may not be well described, such as the Cauchy violation. And for the defects, vacancies, and surfaces, the pair potentials could not give the satisfactory results because the structural local anisotropy deformation cannot be correctly described within the context of pair potentials. Therefore, the three-body potential forms should be introduced in future work. Nevertheless, since the present pair potentials are valid over a wide range of interionic spacings and coordination environments, we believe that the present potentials could be used to predict the structures of molten salt, alkali chloride clusters, and highpressure-induced phase transition. In these cases, no special structure can be regarded as the most important, and the structures with different coordination numbers and interionic separations have to be considered, and then the present calculations suggest that this ability has been exhibited by the present interionic potential.
In summary, a new method for deriving the ab initio interionic potentials has been proposed and demonstrated through a series of alkali chlorides. According to our scheme, a series of ab initio total energy curves are calculated for several relevant structures with same stoichiometry. Then from the total energy difference, one can extract three partial lattice energy curves; each of them is only the sum of one kind of pair potential. Based on the Chen-Möbius lattice inversion, the three interionic pair potentials are derived one by one. In the above derivation, there is no need to select a prior potential function form and give empirical fixed charges on ions. The effective charges on ions can be determined by fitting to the total-energy difference between B1-and B3-ACl crystals at a larger lattice constant. And the appropriate function forms could be selected in terms of the final shape of potential curves. Since these new interionic potentials are derived from ab initio calculations for ACl in several relevant structures, not only the properties of the used structures but also those of unused models have been well reproduced. This may be attributed to the wide range of pseudopotential total-energy calculations in different structures. Instead of only the configuration's nearby equilibrium state of rock-salt phase in conventional methods, the phase space for deriving the interionic potentials has been significantly extended to cover a larger range of interionic separations and coordination numbers. Therefore, these new interionic potentials may be promising in exploring and predicting the properties of ionic crystals in new phases. This indicates that this new method is worth further refinement and extending to other ionic crystals.
